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The analogy between an equilibrium partition function and the return probability in many-body
unitary dynamics has led to the concept of dynamical quantum phase transition (DQPT). DQPTs
are defined by non-analyticities in the return amplitude and are present in many models. In some
cases DQPTs can be related to equilibrium concepts such as order parameters, yet their universal
description is an open question. In this work we provide first steps towards a classification of DQPTs
by using a matrix product state description of unitary dynamics in the thermodynamic limit. This
allows us to distinguish the two limiting cases of precession and entanglement DQPTs, which are
illustrated using an analytical description in the quantum Ising model. While precession DQPTs
are characterized by a large entanglement gap and are semiclassical in their nature, entanglement
DQPTs occur near avoided crossings in the entanglement spectrum and can be distinguished by a
complex pattern of non-local correlations. We demonstrate the existence of precession and entan-
glement DQPTs beyond Ising model, discuss observables that can distinguish them and relate their
interplay to complex DQPT phenomenology.
Introduction.—The rapid development of different
quantum simulation platforms [1, 2] fuels the exploration
of new non-equilibrium phenomena that can be probed
in isolated interacting quantum systems. Due to ex-
perimental limitations, phenomena observable at short
times in quantum quenches are of particular interest.
Dynamical quantum phase transitions (DQPTs) have re-
cently emerged as an interesting phenomenon within this
regime [3, 4]. Since the early work of Heyl et al. [3], who
introduced the notion of DQPT considering the quantum
Ising model, DQPTs have attracted great interest [5–27].
Moreover, they were experimentally observed in trapped
ion quantum simulators [28], superconducting qubits [29]
and several other platforms [30–33].
In the framework of DQPTs, one considers quantum
quenches from an initial state |ψ0〉 and monitors the nor-
malized logarithm of the return probability in the process
of unitary evolution under a Hamiltonian H,
f(t) = − lim
L→∞
1
L
log | 〈ψ0| e−iHt |ψ0〉 |2, (1)
where we restrict to one dimensional cases and denote
system size as L. This quantity is identified as the non-
equilibrium analogue of the free energy density, with
DQPTs corresponding to non-analyticities in the behav-
ior of f(t) at early times [3]. However, f(t) corresponds
to the free energy at complex temperature, and a precise
relation between the behavior of f(t) and the equilibrium
phase diagram was not established [27]. Phenomenologi-
cally, quenches from a state |ψ0〉 that realizes a different
phase compared to the ground state of H often give rise
to DQPTs [3–5, 10, 18]; however, there are exceptions
from this rule [6, 7, 14, 15, 27].
In order to connect DQPTs to equilibrium concepts,
such as order parameters, the behavior of local observ-
ables was explored [22, 26, 34]. A direct correspondence
was established for systems with broken symmetries, in-
volving a generalized notion of DQPTs [11, 17, 20, 35];
however, the relation between DQPTs and local expec-
tation values in general situations remains elusive. Con-
nections to the entanglement entropy were also explored:
DQPTs may correspond to regions of rapid growth [28] or
peaks [21] in the entanglement entropy, and, for certain
quenches in integrable models, they occur at crossings in
the entanglement spectrum [9, 10, 36]. Nonetheless, the
underlying mechanism and the conditions under which
DQPTs may be related to entanglement signatures are
not clearly understood. Thus, in spite of many advance-
ments, the rich phenomenology of DQPTs and their re-
lation to other physical quantities still call for a more
general understanding [27].
In this manuscript, we utilize the matrix product state
(MPS) [37] language for DQPTs that was applied in nu-
merical studies [5, 10, 11, 14, 18, 26]. We show that in the
low-entanglement regime it is possible to distinguish be-
tween precession and entanglement DQPTs, which corre-
spond to different physics. For the non-integrable trans-
verse and longitudinal field Ising model we construct an-
alytical MPS ansa¨tze. We show that precession DQPTs
occur when the dynamics is dominated by single-spin
terms, while entanglement DQPTs are driven by inter-
actions that generate entanglement. We also illustrate
the existence of these DQPTs in the XXZ spin chain and
show how different kinds of DQPTs may be experimen-
tally distinguished. We conclude by discussing the inter-
play between these two limiting cases of DQPT, which
may lie at the root of the rich phenomenology reported
in the literature.
MPS description of DQPTs.— The phenomenology of
DQPTs is typically studied at short times for quenches
from weakly (area-law) entangled initial states. In this
regime, the time-evolved state |ψ(t)〉 = e−iHt |ψ0〉 is
weakly entantangled due to the presence of the Lieb-
Robinson bounds [38, 39] and admits an accurate MPS
description [37]. In the physically relevant case of
translation-invariant initial states (possibly with a finite-
size unit cell), infinite MPS (iMPS) [40] provide an ef-
ficient representation of |ψ(t)〉. In Fig. 1(a) we show a
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⇤(t)
<latexit sha1_base64="7jeCV8tw5zi3EfpFXCxkU63eJqU=">AAAD B3icbZLNahsxEMflTT/S9CtJj72ImkAKxeyWQnsMzSWHHFKokxDbhJFWawtrJSHNJjVmHyD3XJNXyK302sfoE/Q1qrV9qGwPLPz3NzPMh4ZZJT 2m6Z9WsvHo8ZOnm8+2nr94+er19s7uqTeV46LLjTLunIEXSmrRRYlKnFsnoGRKnLHxYeM/uxLOS6O/48SKQQlDLQvJAQO66B+H0Bz28f3ldjvt pDOjqyJbiDZZ2MnlTutvPze8KoVGrsD7XpZaHEzBoeRK1Fv9ygsLfAxD0QtSQyn8YDpruaZ7geS0MC58GumM/p8xhdL7SclCZAk48su+Bq7z9S osvgymUtsKhebzQkWlKBrazE9z6QRHNQkCuJOhV8pH4IBj2FJUZejAjiT/Ua+tvQybMfwKbUb4wFgu9TD2sTL+n68lmsSK8MQ6bNSEB7SSxwnh AlRN164sgtfgJ4HGMJ+1G7NCGVhCzMFYYB1OI1s+hFVx+rGTpZ3s26f2wdfFkWySt+Qd2ScZ+UwOyBE5IV3CiSa35I7cJzfJQ/Iz+TUPTVqLnD cksuT3P0ho/60=</latexit><latexit sha1_base64="7jeCV8tw5zi3EfpFXCxkU63eJqU=">AAAD B3icbZLNahsxEMflTT/S9CtJj72ImkAKxeyWQnsMzSWHHFKokxDbhJFWawtrJSHNJjVmHyD3XJNXyK302sfoE/Q1qrV9qGwPLPz3NzPMh4ZZJT 2m6Z9WsvHo8ZOnm8+2nr94+er19s7uqTeV46LLjTLunIEXSmrRRYlKnFsnoGRKnLHxYeM/uxLOS6O/48SKQQlDLQvJAQO66B+H0Bz28f3ldjvt pDOjqyJbiDZZ2MnlTutvPze8KoVGrsD7XpZaHEzBoeRK1Fv9ygsLfAxD0QtSQyn8YDpruaZ7geS0MC58GumM/p8xhdL7SclCZAk48su+Bq7z9S osvgymUtsKhebzQkWlKBrazE9z6QRHNQkCuJOhV8pH4IBj2FJUZejAjiT/Ua+tvQybMfwKbUb4wFgu9TD2sTL+n68lmsSK8MQ6bNSEB7SSxwnh AlRN164sgtfgJ4HGMJ+1G7NCGVhCzMFYYB1OI1s+hFVx+rGTpZ3s26f2wdfFkWySt+Qd2ScZ+UwOyBE5IV3CiSa35I7cJzfJQ/Iz+TUPTVqLnD cksuT3P0ho/60=</latexit><latexit sha1_base64="7jeCV8tw5zi3EfpFXCxkU63eJqU=">AAAD B3icbZLNahsxEMflTT/S9CtJj72ImkAKxeyWQnsMzSWHHFKokxDbhJFWawtrJSHNJjVmHyD3XJNXyK302sfoE/Q1qrV9qGwPLPz3NzPMh4ZZJT 2m6Z9WsvHo8ZOnm8+2nr94+er19s7uqTeV46LLjTLunIEXSmrRRYlKnFsnoGRKnLHxYeM/uxLOS6O/48SKQQlDLQvJAQO66B+H0Bz28f3ldjvt pDOjqyJbiDZZ2MnlTutvPze8KoVGrsD7XpZaHEzBoeRK1Fv9ygsLfAxD0QtSQyn8YDpruaZ7geS0MC58GumM/p8xhdL7SclCZAk48su+Bq7z9S osvgymUtsKhebzQkWlKBrazE9z6QRHNQkCuJOhV8pH4IBj2FJUZejAjiT/Ua+tvQybMfwKbUb4wFgu9TD2sTL+n68lmsSK8MQ6bNSEB7SSxwnh AlRN164sgtfgJ4HGMJ+1G7NCGVhCzMFYYB1OI1s+hFVx+rGTpZ3s26f2wdfFkWySt+Qd2ScZ+UwOyBE5IV3CiSa35I7cJzfJQ/Iz+TUPTVqLnD cksuT3P0ho/60=</latexit><latexit sha1_base64="7jeCV8tw5zi3EfpFXCxkU63eJqU=">AAAD B3icbZLNahsxEMflTT/S9CtJj72ImkAKxeyWQnsMzSWHHFKokxDbhJFWawtrJSHNJjVmHyD3XJNXyK302sfoE/Q1qrV9qGwPLPz3NzPMh4ZZJT 2m6Z9WsvHo8ZOnm8+2nr94+er19s7uqTeV46LLjTLunIEXSmrRRYlKnFsnoGRKnLHxYeM/uxLOS6O/48SKQQlDLQvJAQO66B+H0Bz28f3ldjvt pDOjqyJbiDZZ2MnlTutvPze8KoVGrsD7XpZaHEzBoeRK1Fv9ygsLfAxD0QtSQyn8YDpruaZ7geS0MC58GumM/p8xhdL7SclCZAk48su+Bq7z9S osvgymUtsKhebzQkWlKBrazE9z6QRHNQkCuJOhV8pH4IBj2FJUZejAjiT/Ua+tvQybMfwKbUb4wFgu9TD2sTL+n68lmsSK8MQ6bNSEB7SSxwnh AlRN164sgtfgJ4HGMJ+1G7NCGVhCzMFYYB1OI1s+hFVx+rGTpZ3s26f2wdfFkWySt+Qd2ScZ+UwOyBE5IV3CiSa35I7cJzfJQ/Iz+TUPTVqLnD cksuT3P0ho/60=</latexit>
T f =
<latexit sha1_base64=" w+/c+2lKuPNx1gvZfdBttUrGjI0=">AAADA3icbZLN ahsxEMflTT+S9CtJj7mImkIPxeyWQnsphObSYwqxE3D cMNLO2qq1kpC0SY3ZY+69Jq/QW+m1D5InyGtEa/sQ2R 5Y+O9vNMwnM1I4n6a3rWTj0eMnTze3tp89f/Hy1c7u Xs/pynLsci21PWXgUAqFXS+8xFNjEUom8YSNDxv/yQV aJ7Q69hODgxKGShSCgw+od/yjoF/o+U477aQzo6siW4 g2WdjR+W7r7izXvCpReS7BuX6WGj+YgvWCS6y3zyqH BvgYhtgPUkGJbjCdlVvTt4HktNA2fMrTGX0YMYXSuUn JwssS/Mgt+xq4ztevfPF5MBXKVB4VnycqKkm9pk3vNB cWuZeTIIBbEWqlfAQWuA8TirIMLZiR4L/qtbmXYdOG W6FNC+8Zy4Uaxj5Wxv/zsUSdGAzrVWGiOizPCB4HhO3 Lmq4dWQQvwU0CjWE+KzdmhdSwhJiFMfo6nEa2fAirov ehk6Wd7PvH9sHXxZFskn3yhrwjGflEDsg3ckS6hJOf 5De5JjfJVfIn+Zv8mz9NWouY1ySy5P899Tn9uA==</l atexit><latexit sha1_base64=" w+/c+2lKuPNx1gvZfdBttUrGjI0=">AAADA3icbZLN ahsxEMflTT+S9CtJj7mImkIPxeyWQnsphObSYwqxE3D cMNLO2qq1kpC0SY3ZY+69Jq/QW+m1D5InyGtEa/sQ2R 5Y+O9vNMwnM1I4n6a3rWTj0eMnTze3tp89f/Hy1c7u Xs/pynLsci21PWXgUAqFXS+8xFNjEUom8YSNDxv/yQV aJ7Q69hODgxKGShSCgw+od/yjoF/o+U477aQzo6siW4 g2WdjR+W7r7izXvCpReS7BuX6WGj+YgvWCS6y3zyqH BvgYhtgPUkGJbjCdlVvTt4HktNA2fMrTGX0YMYXSuUn JwssS/Mgt+xq4ztevfPF5MBXKVB4VnycqKkm9pk3vNB cWuZeTIIBbEWqlfAQWuA8TirIMLZiR4L/qtbmXYdOG W6FNC+8Zy4Uaxj5Wxv/zsUSdGAzrVWGiOizPCB4HhO3 Lmq4dWQQvwU0CjWE+KzdmhdSwhJiFMfo6nEa2fAirov ehk6Wd7PvH9sHXxZFskn3yhrwjGflEDsg3ckS6hJOf 5De5JjfJVfIn+Zv8mz9NWouY1ySy5P899Tn9uA==</l atexit><latexit sha1_base64=" w+/c+2lKuPNx1gvZfdBttUrGjI0=">AAADA3icbZLN ahsxEMflTT+S9CtJj7mImkIPxeyWQnsphObSYwqxE3D cMNLO2qq1kpC0SY3ZY+69Jq/QW+m1D5InyGtEa/sQ2R 5Y+O9vNMwnM1I4n6a3rWTj0eMnTze3tp89f/Hy1c7u Xs/pynLsci21PWXgUAqFXS+8xFNjEUom8YSNDxv/yQV aJ7Q69hODgxKGShSCgw+od/yjoF/o+U477aQzo6siW4 g2WdjR+W7r7izXvCpReS7BuX6WGj+YgvWCS6y3zyqH BvgYhtgPUkGJbjCdlVvTt4HktNA2fMrTGX0YMYXSuUn JwssS/Mgt+xq4ztevfPF5MBXKVB4VnycqKkm9pk3vNB cWuZeTIIBbEWqlfAQWuA8TirIMLZiR4L/qtbmXYdOG W6FNC+8Zy4Uaxj5Wxv/zsUSdGAzrVWGiOizPCB4HhO3 Lmq4dWQQvwU0CjWE+KzdmhdSwhJiFMfo6nEa2fAirov ehk6Wd7PvH9sHXxZFskn3yhrwjGflEDsg3ckS6hJOf 5De5JjfJVfIn+Zv8mz9NWouY1ySy5P899Tn9uA==</l atexit><latexit sha1_base64=" w+/c+2lKuPNx1gvZfdBttUrGjI0=">AAADA3icbZLN ahsxEMflTT+S9CtJj7mImkIPxeyWQnsphObSYwqxE3D cMNLO2qq1kpC0SY3ZY+69Jq/QW+m1D5InyGtEa/sQ2R 5Y+O9vNMwnM1I4n6a3rWTj0eMnTze3tp89f/Hy1c7u Xs/pynLsci21PWXgUAqFXS+8xFNjEUom8YSNDxv/yQV aJ7Q69hODgxKGShSCgw+od/yjoF/o+U477aQzo6siW4 g2WdjR+W7r7izXvCpReS7BuX6WGj+YgvWCS6y3zyqH BvgYhtgPUkGJbjCdlVvTt4HktNA2fMrTGX0YMYXSuUn JwssS/Mgt+xq4ztevfPF5MBXKVB4VnycqKkm9pk3vNB cWuZeTIIBbEWqlfAQWuA8TirIMLZiR4L/qtbmXYdOG W6FNC+8Zy4Uaxj5Wxv/zsUSdGAzrVWGiOizPCB4HhO3 Lmq4dWQQvwU0CjWE+KzdmhdSwhJiFMfo6nEa2fAirov ehk6Wd7PvH9sHXxZFskn3yhrwjGflEDsg3ckS6hJOf 5De5JjfJVfIn+Zv8mz9NWouY1ySy5P899Tn9uA==</l atexit> =<latexit sha1_base64="CLTHLHI2vw u/LyH0M1RjXTgmqOo=">AAAC/3icbZLNbhMxEMedhX5QSknh2ItFhNRDFe0iJLhU quDCsUVNWymNqrF3NrHitS3b2xJFe+DOFV6ht6pXHoUn4DXwJjngJCOt9N/feDSf zEjhfJr+aSVPnm5sbm0/23m++2LvZXv/1YXTleXY41pqe8XAoRQKe154iVfGIpRM 4iUbf278l7dondDq3E8MDkoYKlEIDj6gr8f0pt1Ju+nM6KrIFqJDFnZ6s9/6e51r XpWoPJfgXD9LjR9MwXrBJdY715VDA3wMQ+wHqaBEN5jOSq3p20ByWmgbPuXpjP4f MYXSuUnJwssS/Mgt+xq4ztevfPFxMBXKVB4VnycqKkm9pk3fNBcWuZeTIIBbEWql fAQWuA/TibIMLZiR4N/qtbmXYdOGW6FNC0eM5UINYx8r4//5WKJODIbVqjBRHRZn BI8DwuZlTdeOLIJ34CaBxjCflRuzQmpYQszCGH0dTiNbPoRVcfGum6Xd7Ox95+TT 4ki2yQF5Qw5JRj6QE/KFnJIe4aQgP8hP8iv5ntwnD8nj/GnSWsS8JpElv/8BLNL8 WA==</latexit><latexit sha1_base64="CLTHLHI2vw u/LyH0M1RjXTgmqOo=">AAAC/3icbZLNbhMxEMedhX5QSknh2ItFhNRDFe0iJLhU quDCsUVNWymNqrF3NrHitS3b2xJFe+DOFV6ht6pXHoUn4DXwJjngJCOt9N/feDSf zEjhfJr+aSVPnm5sbm0/23m++2LvZXv/1YXTleXY41pqe8XAoRQKe154iVfGIpRM 4iUbf278l7dondDq3E8MDkoYKlEIDj6gr8f0pt1Ju+nM6KrIFqJDFnZ6s9/6e51r XpWoPJfgXD9LjR9MwXrBJdY715VDA3wMQ+wHqaBEN5jOSq3p20ByWmgbPuXpjP4f MYXSuUnJwssS/Mgt+xq4ztevfPFxMBXKVB4VnycqKkm9pk3fNBcWuZeTIIBbEWql fAQWuA/TibIMLZiR4N/qtbmXYdOGW6FNC0eM5UINYx8r4//5WKJODIbVqjBRHRZn BI8DwuZlTdeOLIJ34CaBxjCflRuzQmpYQszCGH0dTiNbPoRVcfGum6Xd7Ox95+TT 4ki2yQF5Qw5JRj6QE/KFnJIe4aQgP8hP8iv5ntwnD8nj/GnSWsS8JpElv/8BLNL8 WA==</latexit><latexit sha1_base64="CLTHLHI2vw u/LyH0M1RjXTgmqOo=">AAAC/3icbZLNbhMxEMedhX5QSknh2ItFhNRDFe0iJLhU quDCsUVNWymNqrF3NrHitS3b2xJFe+DOFV6ht6pXHoUn4DXwJjngJCOt9N/feDSf zEjhfJr+aSVPnm5sbm0/23m++2LvZXv/1YXTleXY41pqe8XAoRQKe154iVfGIpRM 4iUbf278l7dondDq3E8MDkoYKlEIDj6gr8f0pt1Ju+nM6KrIFqJDFnZ6s9/6e51r XpWoPJfgXD9LjR9MwXrBJdY715VDA3wMQ+wHqaBEN5jOSq3p20ByWmgbPuXpjP4f MYXSuUnJwssS/Mgt+xq4ztevfPFxMBXKVB4VnycqKkm9pk3fNBcWuZeTIIBbEWql fAQWuA/TibIMLZiR4N/qtbmXYdOGW6FNC0eM5UINYx8r4//5WKJODIbVqjBRHRZn BI8DwuZlTdeOLIJ34CaBxjCflRuzQmpYQszCGH0dTiNbPoRVcfGum6Xd7Ox95+TT 4ki2yQF5Qw5JRj6QE/KFnJIe4aQgP8hP8iv5ntwnD8nj/GnSWsS8JpElv/8BLNL8 WA==</latexit><latexit sha1_base64="CLTHLHI2vw u/LyH0M1RjXTgmqOo=">AAAC/3icbZLNbhMxEMedhX5QSknh2ItFhNRDFe0iJLhU quDCsUVNWymNqrF3NrHitS3b2xJFe+DOFV6ht6pXHoUn4DXwJjngJCOt9N/feDSf zEjhfJr+aSVPnm5sbm0/23m++2LvZXv/1YXTleXY41pqe8XAoRQKe154iVfGIpRM 4iUbf278l7dondDq3E8MDkoYKlEIDj6gr8f0pt1Ju+nM6KrIFqJDFnZ6s9/6e51r XpWoPJfgXD9LjR9MwXrBJdY715VDA3wMQ+wHqaBEN5jOSq3p20ByWmgbPuXpjP4f MYXSuUnJwssS/Mgt+xq4ztevfPFxMBXKVB4VnycqKkm9pk3fNBcWuZeTIIBbEWql fAQWuA/TibIMLZiR4N/qtbmXYdOGW6FNC0eM5UINYx8r4//5WKJODIbVqjBRHRZn BI8DwuZlTdeOLIJ34CaBxjCflRuzQmpYQszCGH0dTiNbPoRVcfGum6Xd7Ox95+TT 4ki2yQF5Qw5JRj6QE/KFnJIe4aQgP8hP8iv5ntwnD8nj/GnSWsS8JpElv/8BLNL8 WA==</latexit>
 (t)
<latexit sha1_base64="RD4Bu4ruaiWtqeuxIANo5t8lLB0=">AAADBnicbZJLbxMxEMed 5VXKq4UjF4sIqUgo2kVIcKzoAY5FIm1RElVj72xixS/Z3pYo2nvvXNuvwA1x5WvwCfgaeJMccJKRLP39G4/m4WFWCh/y/E8nu3X7zt17O/d3Hzx89PjJ3v7TE29qx7HPjTTujIFHKTT2gw gSz6xDUEziKZsetf7TC3ReGP0lzCyOFIy1qASHENHX4UdQCg7Cq/O9bt7LF0Y3RbESXbKy4/P9zt9haXitUAcuwftBkdswmoMLgktsdoe1Rwt8CmMcRKlBoR/NFxU39GUkJa2Mi0cHuqD/ R8xBeT9TLL5UECZ+3dfCbb5BHar3o7nQtg6o+TJRVUsaDG3bp6VwyIOcRQHciVgr5RNwwEMcUpJl7MBOBP/WbM29Dts2/AZtW3jNWCn0OPUxld6XY0k6sRh/WMeJmvh/VvA0IC6AbOjWkS XwEvws0hSWi3JTVkkDa4g5mGJo4moU64uwKU7e9Iq8V3x+2z38sFqSHfKcvCAHpCDvyCH5RI5Jn3CiyHdyTW6yq+xH9jP7tXyadVYxz0hi2e9/KmT/RQ==</latexit><latexit sha1_base64="RD4Bu4ruaiWtqeuxIANo5t8lLB0=">AAADBnicbZJLbxMxEMed 5VXKq4UjF4sIqUgo2kVIcKzoAY5FIm1RElVj72xixS/Z3pYo2nvvXNuvwA1x5WvwCfgaeJMccJKRLP39G4/m4WFWCh/y/E8nu3X7zt17O/d3Hzx89PjJ3v7TE29qx7HPjTTujIFHKTT2gw gSz6xDUEziKZsetf7TC3ReGP0lzCyOFIy1qASHENHX4UdQCg7Cq/O9bt7LF0Y3RbESXbKy4/P9zt9haXitUAcuwftBkdswmoMLgktsdoe1Rwt8CmMcRKlBoR/NFxU39GUkJa2Mi0cHuqD/ R8xBeT9TLL5UECZ+3dfCbb5BHar3o7nQtg6o+TJRVUsaDG3bp6VwyIOcRQHciVgr5RNwwEMcUpJl7MBOBP/WbM29Dts2/AZtW3jNWCn0OPUxld6XY0k6sRh/WMeJmvh/VvA0IC6AbOjWkS XwEvws0hSWi3JTVkkDa4g5mGJo4moU64uwKU7e9Iq8V3x+2z38sFqSHfKcvCAHpCDvyCH5RI5Jn3CiyHdyTW6yq+xH9jP7tXyadVYxz0hi2e9/KmT/RQ==</latexit><latexit sha1_base64="RD4Bu4ruaiWtqeuxIANo5t8lLB0=">AAADBnicbZJLbxMxEMed 5VXKq4UjF4sIqUgo2kVIcKzoAY5FIm1RElVj72xixS/Z3pYo2nvvXNuvwA1x5WvwCfgaeJMccJKRLP39G4/m4WFWCh/y/E8nu3X7zt17O/d3Hzx89PjJ3v7TE29qx7HPjTTujIFHKTT2gw gSz6xDUEziKZsetf7TC3ReGP0lzCyOFIy1qASHENHX4UdQCg7Cq/O9bt7LF0Y3RbESXbKy4/P9zt9haXitUAcuwftBkdswmoMLgktsdoe1Rwt8CmMcRKlBoR/NFxU39GUkJa2Mi0cHuqD/ R8xBeT9TLL5UECZ+3dfCbb5BHar3o7nQtg6o+TJRVUsaDG3bp6VwyIOcRQHciVgr5RNwwEMcUpJl7MBOBP/WbM29Dts2/AZtW3jNWCn0OPUxld6XY0k6sRh/WMeJmvh/VvA0IC6AbOjWkS XwEvws0hSWi3JTVkkDa4g5mGJo4moU64uwKU7e9Iq8V3x+2z38sFqSHfKcvCAHpCDvyCH5RI5Jn3CiyHdyTW6yq+xH9jP7tXyadVYxz0hi2e9/KmT/RQ==</latexit><latexit sha1_base64="RD4Bu4ruaiWtqeuxIANo5t8lLB0=">AAADBnicbZJLbxMxEMed 5VXKq4UjF4sIqUgo2kVIcKzoAY5FIm1RElVj72xixS/Z3pYo2nvvXNuvwA1x5WvwCfgaeJMccJKRLP39G4/m4WFWCh/y/E8nu3X7zt17O/d3Hzx89PjJ3v7TE29qx7HPjTTujIFHKTT2gw gSz6xDUEziKZsetf7TC3ReGP0lzCyOFIy1qASHENHX4UdQCg7Cq/O9bt7LF0Y3RbESXbKy4/P9zt9haXitUAcuwftBkdswmoMLgktsdoe1Rwt8CmMcRKlBoR/NFxU39GUkJa2Mi0cHuqD/ R8xBeT9TLL5UECZ+3dfCbb5BHar3o7nQtg6o+TJRVUsaDG3bp6VwyIOcRQHciVgr5RNwwEMcUpJl7MBOBP/WbM29Dts2/AZtW3jNWCn0OPUxld6XY0k6sRh/WMeJmvh/VvA0IC6AbOjWkS XwEvws0hSWi3JTVkkDa4g5mGJo4moU64uwKU7e9Iq8V3x+2z38sFqSHfKcvCAHpCDvyCH5RI5Jn3CiyHdyTW6yq+xH9jP7tXyadVYxz0hi2e9/KmT/RQ==</latexit>
⇤(t)
<latexit sha1_base64="7jeCV8tw5zi3Efp FXCxkU63eJqU=">AAADB3icbZLNahsxEMflTT/S9CtJj72ImkAKxeyWQnsMzSWHHFKokxDbhJF WawtrJSHNJjVmHyD3XJNXyK302sfoE/Q1qrV9qGwPLPz3NzPMh4ZZJT2m6Z9WsvHo8ZOnm8+2 nr94+er19s7uqTeV46LLjTLunIEXSmrRRYlKnFsnoGRKnLHxYeM/uxLOS6O/48SKQQlDLQvJAQ O66B+H0Bz28f3ldjvtpDOjqyJbiDZZ2MnlTutvPze8KoVGrsD7XpZaHEzBoeRK1Fv9ygsLfAx D0QtSQyn8YDpruaZ7geS0MC58GumM/p8xhdL7SclCZAk48su+Bq7z9SosvgymUtsKhebzQkWl KBrazE9z6QRHNQkCuJOhV8pH4IBj2FJUZejAjiT/Ua+tvQybMfwKbUb4wFgu9TD2sTL+n68lms SK8MQ6bNSEB7SSxwnhAlRN164sgtfgJ4HGMJ+1G7NCGVhCzMFYYB1OI1s+hFVx+rGTpZ3s26f 2wdfFkWySt+Qd2ScZ+UwOyBE5IV3CiSa35I7cJzfJQ/Iz+TUPTVqLnDcksuT3P0ho/60=</lat exit><latexit sha1_base64="7jeCV8tw5zi3Efp FXCxkU63eJqU=">AAADB3icbZLNahsxEMflTT/S9CtJj72ImkAKxeyWQnsMzSWHHFKokxDbhJF WawtrJSHNJjVmHyD3XJNXyK302sfoE/Q1qrV9qGwPLPz3NzPMh4ZZJT2m6Z9WsvHo8ZOnm8+2 nr94+er19s7uqTeV46LLjTLunIEXSmrRRYlKnFsnoGRKnLHxYeM/uxLOS6O/48SKQQlDLQvJAQ O66B+H0Bz28f3ldjvtpDOjqyJbiDZZ2MnlTutvPze8KoVGrsD7XpZaHEzBoeRK1Fv9ygsLfAx D0QtSQyn8YDpruaZ7geS0MC58GumM/p8xhdL7SclCZAk48su+Bq7z9SosvgymUtsKhebzQkWl KBrazE9z6QRHNQkCuJOhV8pH4IBj2FJUZejAjiT/Ua+tvQybMfwKbUb4wFgu9TD2sTL+n68lms SK8MQ6bNSEB7SSxwnhAlRN164sgtfgJ4HGMJ+1G7NCGVhCzMFYYB1OI1s+hFVx+rGTpZ3s26f 2wdfFkWySt+Qd2ScZ+UwOyBE5IV3CiSa35I7cJzfJQ/Iz+TUPTVqLnDcksuT3P0ho/60=</lat exit><latexit sha1_base64="7jeCV8tw5zi3Efp FXCxkU63eJqU=">AAADB3icbZLNahsxEMflTT/S9CtJj72ImkAKxeyWQnsMzSWHHFKokxDbhJF WawtrJSHNJjVmHyD3XJNXyK302sfoE/Q1qrV9qGwPLPz3NzPMh4ZZJT2m6Z9WsvHo8ZOnm8+2 nr94+er19s7uqTeV46LLjTLunIEXSmrRRYlKnFsnoGRKnLHxYeM/uxLOS6O/48SKQQlDLQvJAQ O66B+H0Bz28f3ldjvtpDOjqyJbiDZZ2MnlTutvPze8KoVGrsD7XpZaHEzBoeRK1Fv9ygsLfAx D0QtSQyn8YDpruaZ7geS0MC58GumM/p8xhdL7SclCZAk48su+Bq7z9SosvgymUtsKhebzQkWl KBrazE9z6QRHNQkCuJOhV8pH4IBj2FJUZejAjiT/Ua+tvQybMfwKbUb4wFgu9TD2sTL+n68lms SK8MQ6bNSEB7SSxwnhAlRN164sgtfgJ4HGMJ+1G7NCGVhCzMFYYB1OI1s+hFVx+rGTpZ3s26f 2wdfFkWySt+Qd2ScZ+UwOyBE5IV3CiSa35I7cJzfJQ/Iz+TUPTVqLnDcksuT3P0ho/60=</lat exit><latexit sha1_base64="7jeCV8tw5zi3Efp FXCxkU63eJqU=">AAADB3icbZLNahsxEMflTT/S9CtJj72ImkAKxeyWQnsMzSWHHFKokxDbhJF WawtrJSHNJjVmHyD3XJNXyK302sfoE/Q1qrV9qGwPLPz3NzPMh4ZZJT2m6Z9WsvHo8ZOnm8+2 nr94+er19s7uqTeV46LLjTLunIEXSmrRRYlKnFsnoGRKnLHxYeM/uxLOS6O/48SKQQlDLQvJAQ O66B+H0Bz28f3ldjvtpDOjqyJbiDZZ2MnlTutvPze8KoVGrsD7XpZaHEzBoeRK1Fv9ygsLfAx D0QtSQyn8YDpruaZ7geS0MC58GumM/p8xhdL7SclCZAk48su+Bq7z9SosvgymUtsKhebzQkWl KBrazE9z6QRHNQkCuJOhV8pH4IBj2FJUZejAjiT/Ua+tvQybMfwKbUb4wFgu9TD2sTL+n68lms SK8MQ6bNSEB7SSxwnhAlRN164sgtfgJ4HGMJ+1G7NCGVhCzMFYYB1OI1s+hFVx+rGTpZ3s26f 2wdfFkWySt+Qd2ScZ+UwOyBE5IV3CiSa35I7cJzfJQ/Iz+TUPTVqLnDcksuT3P0ho/60=</lat exit>
⇤(0)
<latexit sha1_base64="XU7egtpJCyjzIu RGY5nMAZM1CbU=">AAADB3icbZLNahsxEMflTT/S9CtJj72ImkAKxeyWQnsMzSWHHFKokxDb hJF21hbWSkLSJjVmHyD3XJNXyK302sfoE/Q1qrV9qGwPLPz3NzPMh4YZKZxP0z+tZOPR4yd PN59tPX/x8tXr7Z3dU6cry7HLtdT2nIFDKRR2vfASz41FKJnEMzY+bPxnV2id0Oq7nxgclDB UohAcfEAX/eMQmsN++v5yu5120pnRVZEtRJss7ORyp/W3n2telag8l+BcL0uNH0zBesEl1l v9yqEBPoYh9oJUUKIbTGct13QvkJwW2oZPeTqj/2dMoXRuUrIQWYIfuWVfA9f5epUvvgymQ pnKo+LzQkUlqde0mZ/mwiL3chIEcCtCr5SPwAL3YUtRlaEFMxL8R7229jJsxnArtBnhA2O5U MPYx8r4f76WaBKD4YlV2KgOD2gEjxPCBciarl1ZBK/BTQKNYT5rN2aF1LCEmIUx+jqcRrZ8 CKvi9GMnSzvZt0/tg6+LI9kkb8k7sk8y8pkckCNyQrqEE0VuyR25T26Sh+Rn8msemrQWOW9I ZMnvf5ct/2k=</latexit><latexit sha1_base64="XU7egtpJCyjzIu RGY5nMAZM1CbU=">AAADB3icbZLNahsxEMflTT/S9CtJj72ImkAKxeyWQnsMzSWHHFKokxDb hJF21hbWSkLSJjVmHyD3XJNXyK302sfoE/Q1qrV9qGwPLPz3NzPMh4YZKZxP0z+tZOPR4yd PN59tPX/x8tXr7Z3dU6cry7HLtdT2nIFDKRR2vfASz41FKJnEMzY+bPxnV2id0Oq7nxgclDB UohAcfEAX/eMQmsN++v5yu5120pnRVZEtRJss7ORyp/W3n2telag8l+BcL0uNH0zBesEl1l v9yqEBPoYh9oJUUKIbTGct13QvkJwW2oZPeTqj/2dMoXRuUrIQWYIfuWVfA9f5epUvvgymQ pnKo+LzQkUlqde0mZ/mwiL3chIEcCtCr5SPwAL3YUtRlaEFMxL8R7229jJsxnArtBnhA2O5U MPYx8r4f76WaBKD4YlV2KgOD2gEjxPCBciarl1ZBK/BTQKNYT5rN2aF1LCEmIUx+jqcRrZ8 CKvi9GMnSzvZt0/tg6+LI9kkb8k7sk8y8pkckCNyQrqEE0VuyR25T26Sh+Rn8msemrQWOW9I ZMnvf5ct/2k=</latexit><latexit sha1_base64="XU7egtpJCyjzIu RGY5nMAZM1CbU=">AAADB3icbZLNahsxEMflTT/S9CtJj72ImkAKxeyWQnsMzSWHHFKokxDb hJF21hbWSkLSJjVmHyD3XJNXyK302sfoE/Q1qrV9qGwPLPz3NzPMh4YZKZxP0z+tZOPR4yd PN59tPX/x8tXr7Z3dU6cry7HLtdT2nIFDKRR2vfASz41FKJnEMzY+bPxnV2id0Oq7nxgclDB UohAcfEAX/eMQmsN++v5yu5120pnRVZEtRJss7ORyp/W3n2telag8l+BcL0uNH0zBesEl1l v9yqEBPoYh9oJUUKIbTGct13QvkJwW2oZPeTqj/2dMoXRuUrIQWYIfuWVfA9f5epUvvgymQ pnKo+LzQkUlqde0mZ/mwiL3chIEcCtCr5SPwAL3YUtRlaEFMxL8R7229jJsxnArtBnhA2O5U MPYx8r4f76WaBKD4YlV2KgOD2gEjxPCBciarl1ZBK/BTQKNYT5rN2aF1LCEmIUx+jqcRrZ8 CKvi9GMnSzvZt0/tg6+LI9kkb8k7sk8y8pkckCNyQrqEE0VuyR25T26Sh+Rn8msemrQWOW9I ZMnvf5ct/2k=</latexit><latexit sha1_base64="XU7egtpJCyjzIu RGY5nMAZM1CbU=">AAADB3icbZLNahsxEMflTT/S9CtJj72ImkAKxeyWQnsMzSWHHFKokxDb hJF21hbWSkLSJjVmHyD3XJNXyK302sfoE/Q1qrV9qGwPLPz3NzPMh4YZKZxP0z+tZOPR4yd PN59tPX/x8tXr7Z3dU6cry7HLtdT2nIFDKRR2vfASz41FKJnEMzY+bPxnV2id0Oq7nxgclDB UohAcfEAX/eMQmsN++v5yu5120pnRVZEtRJss7ORyp/W3n2telag8l+BcL0uNH0zBesEl1l v9yqEBPoYh9oJUUKIbTGct13QvkJwW2oZPeTqj/2dMoXRuUrIQWYIfuWVfA9f5epUvvgymQ pnKo+LzQkUlqde0mZ/mwiL3chIEcCtCr5SPwAL3YUtRlaEFMxL8R7229jJsxnArtBnhA2O5U MPYx8r4f76WaBKD4YlV2KgOD2gEjxPCBciarl1ZBK/BTQKNYT5rN2aF1LCEmIUx+jqcRrZ8 CKvi9GMnSzvZt0/tg6+LI9kkb8k7sk8y8pkckCNyQrqEE0VuyR25T26Sh+Rn8msemrQWOW9I ZMnvf5ct/2k=</latexit>
 (0)
<latexit sha1_base64="E5lYrHewK82hchKlhJbSCEjNqFI=">AAADBnicbZJLbxMxEMed5 VXKq4UjF4sIqUgo2kVIcKzoAY5FIm1RElVj72xixS/Z3pYo2nvvXNuvwA1x5WvwCfgaeJMccJKRLP39G4/m4WFWCh/y/E8nu3X7zt17O/d3Hzx89PjJ3v7TE29qx7HPjTTujIFHKTT2gwgSz6x DUEziKZsetf7TC3ReGP0lzCyOFIy1qASHENHX4UdQCg7yV+d73byXL4xuimIlumRlx+f7nb/D0vBaoQ5cgveDIrdhNAcXBJfY7A5rjxb4FMY4iFKDQj+aLypu6MtISloZF48OdEH/j5iD8n6mW HypIEz8uq+F23yDOlTvR3OhbR1Q82WiqpY0GNq2T0vhkAc5iwK4E7FWyifggIc4pCTL2IGdCP6t2Zp7HbZt+A3atvCasVLocepjKr0vx5J0YjH+sI4TNfH/rOBpQFwA2dCtI0vgJfhZpCksF+W mrJIG1hBzMMXQxNUo1hdhU5y86RV5r/j8tnv4YbUkO+Q5eUEOSEHekUPyiRyTPuFEke/kmtxkV9mP7Gf2a/k066xinpHEst//AHkp/wE=</latexit><latexit sha1_base64="E5lYrHewK82hchKlhJbSCEjNqFI=">AAADBnicbZJLbxMxEMed5 VXKq4UjF4sIqUgo2kVIcKzoAY5FIm1RElVj72xixS/Z3pYo2nvvXNuvwA1x5WvwCfgaeJMccJKRLP39G4/m4WFWCh/y/E8nu3X7zt17O/d3Hzx89PjJ3v7TE29qx7HPjTTujIFHKTT2gwgSz6x DUEziKZsetf7TC3ReGP0lzCyOFIy1qASHENHX4UdQCg7yV+d73byXL4xuimIlumRlx+f7nb/D0vBaoQ5cgveDIrdhNAcXBJfY7A5rjxb4FMY4iFKDQj+aLypu6MtISloZF48OdEH/j5iD8n6mW HypIEz8uq+F23yDOlTvR3OhbR1Q82WiqpY0GNq2T0vhkAc5iwK4E7FWyifggIc4pCTL2IGdCP6t2Zp7HbZt+A3atvCasVLocepjKr0vx5J0YjH+sI4TNfH/rOBpQFwA2dCtI0vgJfhZpCksF+W mrJIG1hBzMMXQxNUo1hdhU5y86RV5r/j8tnv4YbUkO+Q5eUEOSEHekUPyiRyTPuFEke/kmtxkV9mP7Gf2a/k066xinpHEst//AHkp/wE=</latexit><latexit sha1_base64="E5lYrHewK82hchKlhJbSCEjNqFI=">AAADBnicbZJLbxMxEMed5 VXKq4UjF4sIqUgo2kVIcKzoAY5FIm1RElVj72xixS/Z3pYo2nvvXNuvwA1x5WvwCfgaeJMccJKRLP39G4/m4WFWCh/y/E8nu3X7zt17O/d3Hzx89PjJ3v7TE29qx7HPjTTujIFHKTT2gwgSz6x DUEziKZsetf7TC3ReGP0lzCyOFIy1qASHENHX4UdQCg7yV+d73byXL4xuimIlumRlx+f7nb/D0vBaoQ5cgveDIrdhNAcXBJfY7A5rjxb4FMY4iFKDQj+aLypu6MtISloZF48OdEH/j5iD8n6mW HypIEz8uq+F23yDOlTvR3OhbR1Q82WiqpY0GNq2T0vhkAc5iwK4E7FWyifggIc4pCTL2IGdCP6t2Zp7HbZt+A3atvCasVLocepjKr0vx5J0YjH+sI4TNfH/rOBpQFwA2dCtI0vgJfhZpCksF+W mrJIG1hBzMMXQxNUo1hdhU5y86RV5r/j8tnv4YbUkO+Q5eUEOSEHekUPyiRyTPuFEke/kmtxkV9mP7Gf2a/k066xinpHEst//AHkp/wE=</latexit><latexit sha1_base64="E5lYrHewK82hchKlhJbSCEjNqFI=">AAADBnicbZJLbxMxEMed5 VXKq4UjF4sIqUgo2kVIcKzoAY5FIm1RElVj72xixS/Z3pYo2nvvXNuvwA1x5WvwCfgaeJMccJKRLP39G4/m4WFWCh/y/E8nu3X7zt17O/d3Hzx89PjJ3v7TE29qx7HPjTTujIFHKTT2gwgSz6x DUEziKZsetf7TC3ReGP0lzCyOFIy1qASHENHX4UdQCg7yV+d73byXL4xuimIlumRlx+f7nb/D0vBaoQ5cgveDIrdhNAcXBJfY7A5rjxb4FMY4iFKDQj+aLypu6MtISloZF48OdEH/j5iD8n6mW HypIEz8uq+F23yDOlTvR3OhbR1Q82WiqpY0GNq2T0vhkAc5iwK4E7FWyifggIc4pCTL2IGdCP6t2Zp7HbZt+A3atvCasVLocepjKr0vx5J0YjH+sI4TNfH/rOBpQFwA2dCtI0vgJfhZpCksF+W mrJIG1hBzMMXQxNUo1hdhU5y86RV5r/j8tnv4YbUkO+Q5eUEOSEHekUPyiRyTPuFEke/kmtxkV9mP7Gf2a/k066xinpHEst//AHkp/wE=</latexit>
 (t)
<latexit sha1_base64="RD4Bu4ruaiWtqeuxIANo5t8lLB0=">AAADBnicbZJLbxMxEMed5VXK q4UjF4sIqUgo2kVIcKzoAY5FIm1RElVj72xixS/Z3pYo2nvvXNuvwA1x5WvwCfgaeJMccJKRLP39G4/m4WFWCh/y/E8nu3X7zt17O/d3Hzx89PjJ3v7TE29qx7HPjTTujIFHKTT2gwgSz6xDUEziKZ setf7TC3ReGP0lzCyOFIy1qASHENHX4UdQCg7Cq/O9bt7LF0Y3RbESXbKy4/P9zt9haXitUAcuwftBkdswmoMLgktsdoe1Rwt8CmMcRKlBoR/NFxU39GUkJa2Mi0cHuqD/R8xBeT9TLL5UECZ+3dfCb b5BHar3o7nQtg6o+TJRVUsaDG3bp6VwyIOcRQHciVgr5RNwwEMcUpJl7MBOBP/WbM29Dts2/AZtW3jNWCn0OPUxld6XY0k6sRh/WMeJmvh/VvA0IC6AbOjWkSXwEvws0hSWi3JTVkkDa4g5mGJo4mo U64uwKU7e9Iq8V3x+2z38sFqSHfKcvCAHpCDvyCH5RI5Jn3CiyHdyTW6yq+xH9jP7tXyadVYxz0hi2e9/KmT/RQ==</latexit><latexit sha1_base64="RD4Bu4ruaiWtqeuxIANo5t8lLB0=">AAADBnicbZJLbxMxEMed5VXK q4UjF4sIqUgo2kVIcKzoAY5FIm1RElVj72xixS/Z3pYo2nvvXNuvwA1x5WvwCfgaeJMccJKRLP39G4/m4WFWCh/y/E8nu3X7zt17O/d3Hzx89PjJ3v7TE29qx7HPjTTujIFHKTT2gwgSz6xDUEziKZ setf7TC3ReGP0lzCyOFIy1qASHENHX4UdQCg7Cq/O9bt7LF0Y3RbESXbKy4/P9zt9haXitUAcuwftBkdswmoMLgktsdoe1Rwt8CmMcRKlBoR/NFxU39GUkJa2Mi0cHuqD/R8xBeT9TLL5UECZ+3dfCb b5BHar3o7nQtg6o+TJRVUsaDG3bp6VwyIOcRQHciVgr5RNwwEMcUpJl7MBOBP/WbM29Dts2/AZtW3jNWCn0OPUxld6XY0k6sRh/WMeJmvh/VvA0IC6AbOjWkSXwEvws0hSWi3JTVkkDa4g5mGJo4mo U64uwKU7e9Iq8V3x+2z38sFqSHfKcvCAHpCDvyCH5RI5Jn3CiyHdyTW6yq+xH9jP7tXyadVYxz0hi2e9/KmT/RQ==</latexit><latexit sha1_base64="RD4Bu4ruaiWtqeuxIANo5t8lLB0=">AAADBnicbZJLbxMxEMed5VXK q4UjF4sIqUgo2kVIcKzoAY5FIm1RElVj72xixS/Z3pYo2nvvXNuvwA1x5WvwCfgaeJMccJKRLP39G4/m4WFWCh/y/E8nu3X7zt17O/d3Hzx89PjJ3v7TE29qx7HPjTTujIFHKTT2gwgSz6xDUEziKZ setf7TC3ReGP0lzCyOFIy1qASHENHX4UdQCg7Cq/O9bt7LF0Y3RbESXbKy4/P9zt9haXitUAcuwftBkdswmoMLgktsdoe1Rwt8CmMcRKlBoR/NFxU39GUkJa2Mi0cHuqD/R8xBeT9TLL5UECZ+3dfCb b5BHar3o7nQtg6o+TJRVUsaDG3bp6VwyIOcRQHciVgr5RNwwEMcUpJl7MBOBP/WbM29Dts2/AZtW3jNWCn0OPUxld6XY0k6sRh/WMeJmvh/VvA0IC6AbOjWkSXwEvws0hSWi3JTVkkDa4g5mGJo4mo U64uwKU7e9Iq8V3x+2z38sFqSHfKcvCAHpCDvyCH5RI5Jn3CiyHdyTW6yq+xH9jP7tXyadVYxz0hi2e9/KmT/RQ==</latexit><latexit sha1_base64="RD4Bu4ruaiWtqeuxIANo5t8lLB0=">AAADBnicbZJLbxMxEMed5VXK q4UjF4sIqUgo2kVIcKzoAY5FIm1RElVj72xixS/Z3pYo2nvvXNuvwA1x5WvwCfgaeJMccJKRLP39G4/m4WFWCh/y/E8nu3X7zt17O/d3Hzx89PjJ3v7TE29qx7HPjTTujIFHKTT2gwgSz6xDUEziKZ setf7TC3ReGP0lzCyOFIy1qASHENHX4UdQCg7Cq/O9bt7LF0Y3RbESXbKy4/P9zt9haXitUAcuwftBkdswmoMLgktsdoe1Rwt8CmMcRKlBoR/NFxU39GUkJa2Mi0cHuqD/R8xBeT9TLL5UECZ+3dfCb b5BHar3o7nQtg6o+TJRVUsaDG3bp6VwyIOcRQHciVgr5RNwwEMcUpJl7MBOBP/WbM29Dts2/AZtW3jNWCn0OPUxld6XY0k6sRh/WMeJmvh/VvA0IC6AbOjWkSXwEvws0hSWi3JTVkkDa4g5mGJo4mo U64uwKU7e9Iq8V3x+2z38sFqSHfKcvCAHpCDvyCH5RI5Jn3CiyHdyTW6yq+xH9jP7tXyadVYxz0hi2e9/KmT/RQ==</latexit>
⇤(t)
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Figure 1. (a) The canonical form of an iMPS state leads to a simple representation of the fidelity density transfer matrix, T f ,
when the initial state is a product state. A pDQPT is illustrated in panels (b) and (d) by following the dynamics from the ↓
initial state under the Ising model Hamiltonian (4) with J = 0.1, hx = 1, hz = 0.15. The two eigenvalues of T
f with largest
magnitude perform complicated evolution in the complex plane, as revealed by their trajectories in (b) where color corresponds
to time. The circles denote the points on the trajectories where eigenvalues swap in magnitude, signaling a DQPT. The fidelity
density f shown in (d) displays a cusp at the time when the eigenvalues have equal magnitude; the entanglement spectrum
features a large gap at all times, whereas overlaps achieve an extremum near the DQPT. The eDQPT example in (c) and (e)
tracks the dynamics from the → initial state with J = 1, hx = 0.1, hz = 0.15. While there are no qualitative changes in the
eigenvalues trajectory of (c) compared to (b), the entanglement spectrum in (e) reveals an avoided level crossing (see inset)
and the overlaps approach each other, in contrast to their behavior for the pDQPT. iTEBD data (solid lines) is obtained with
χ ≤ 8 corresponding to a truncation of λi < 10−9. Dashed lines in (d)-(e) correspond to the analytical ansa¨tze in the text.
translation-invariant MPS in the canonical form [40, 41],
where the standard building block of MPS, the tensor
Aσij(t), is decomposed as A
σ
ij(t) = Λi(t)Γ
σ
ij(t). Here
σ =↑, ↓ is the physical and i, j = 1, . . . , χ are bond in-
dices. The diagonal matrix Λii(t) =
√
λi contains the or-
dered, λi > λi−1, singular values of the Schmidt decom-
position across a bond. The eigenvalues of the reduced
density matrix (i.e. the entanglement spectrum) are then
given by λi, and the bipartite entanglement entropy is
S = −∑i λi log λi. The tensor Γσ(t) carries a physical
index and together with Λ satisfies a set of canonical con-
ditions,
∑
ijσ Λ
2
ijΓ
σ
jkΓ
σ∗
il =
∑
ijσ Λ
2
ijΓ
σ
kjΓ
σ∗
li = δkl [41].
Using the iMPS representation, the fidelity density
(“rate function” in [4]) is expressed directly in thermo-
dynamic limit via the spectrum of the fidelity transfer
matrix, T f (t), {ei}, as [7]
f(t) = −2 log max ({|ei|}) . (2)
The transfer matrix T f (t) is defined in Fig. 1(a) as a
contraction of the time-evolved MPS tensor with its con-
jugate at t = 0. Thus, T f (t = 0) coincides with the con-
ventional transfer matrix and has |e1| = 1 and all other
|ei| < 1, as follows from normalization of |ψ0〉. At later
times the eigenvalues of T f (t) perform complicated evolu-
tion in the complex plane. As illustrated in Fig. 1(b)-(c),
singularities in f(t) emerge from the initially subleading
eigenvalue, e2, surpassing in magnitude the largest one.
Two limiting cases of DQPTs.—To distinguish be-
tween different physical mechanisms that drive the cross-
ing between transfer matrix eigenvalues, we use the
canonical form of the MPS tensor and focus on the case
when the initial state |ψ0〉 = ⊗i |v〉i is a product state.
In this case the contraction of the time-evolved MPS
with the product state does not affect bond indices, see
Fig. 1(a), resulting in
T f (t) =
(√
λ1 0
0
√
λ2
)(
o11 o12
o21 o22
)
, oij =
∑
σ
(vσ)∗Γσij ,
(3)
where we retained the leading 2 × 2 part of the MPS
virtual space, corresponding to the two largest singular
values. The elements of the overlap matrix o are ob-
tained via contraction of the tensor Γσij with the single-
site spinor wave function vσ.
Equations (2)-(3) single out the contribution of the en-
tanglement spectrum, encoded in the diagonal of the ma-
trix Λ, to the transfer matrix T f (t) and DQPTs. In the
case when the entanglement spectrum features a large
gap, λ1  λ2, the switch in the magnitude between
eigenvalues of T f is necessarily driven by the evolution of
the overlap matrix. This is a precession DQPT (pDQPT)
that is of semiclassical nature, as we explain below. In the
opposite limit, when the two leading singular values λ1
and λ2 exhibit an avoided crossing, the system features
significant entanglement of order ln 2. DQPTs happen-
ing near such points are dubbed entanglement DQPTs
(eDQPTs). We illustrate these two limits of DQPTs in
the quantum Ising model using appropriate analytical
MPS ansa¨tze.
Precession DQPTs in the Ising model.—We consider
3quantum quenches in a transverse and longitudinal-field
Ising model,
H =
∑
i
[
Jσzi σ
z
i+1 + hxσ
x
i + hzσ
z
i
]
, (4)
which is non-integrable when all three values of the
couplings, J , hx, hz, are finite. In order to illustrate
pDQPTs, we study the dynamics after a quench from
the polarized state |ψ0〉 = ⊗i |↓〉i that corresponds to
the ground state of the Hamiltonian (4) in the limit
J → −∞, hz > 0, hx = 0. The evolution is performed
with couplings J = 0.1, hx = 1, hz = 0.15, so that
single-spin terms are dominant.
The top panel of Fig. 1(d) shows the fidelity density
calculated using infinite time-evolving block decimation
(iTEBD) [40]. It exhibits a cusp at t ≈ 1.5, signaling
a DQPT. By bringing the MPS to the canonical form
we extract the entanglement and overlap contributions.
The middle plot shows the evolution of the two leading
singular values, which remain very well separated at the
time when the DQPT occurs. At the same time, |o11| ex-
hibits a minimum near the DQPT, while the off-diagonal
component |o12| = |o21| ≡ |ood| shows a clear maximum.
Thus, the overlap matrix is predominantly responsible for
the switch of the transfer matrix eigenvalues, providing
a prototypical example of pDQPT.
Analytical pDQPT ansatz.—The precession nature of
pDQPTs can be illustrated by analytically constructing a
suitable χ = 2 MPS ansatz. In the limit when J  hx, hz
we split the Hamiltonian (4) into an interacting part V =
J
∑
i σ
z
i σ
z
i+1 and a free-precessing part H0 =
∑
i[hxσ
x
i +
hzσ
z
i ] that contains only single-spin terms. Then, we
move to the rotating frame with respect to H0, rewriting
the time evolution as |ψ(t)〉 = e−iH0tTe−i
∫ t
0
V˜ (t′)dt′ |ψ0〉.
The interaction term in the rotating frame reads:
V˜ (t) = eitH0V e−itH0 =
∑
i
∑
α,β
sα(t)sβ(t)σ
α
i σ
β
i+1, (5)
where α, β ∈ {x, y, z}, the time-dependent coefficients
are sx(t) = 2hxhz sin
2(ht)/h2, sy(t) = hx sin(2ht)/h,
sz(t) = [h
2
x cos(2ht) + h
2
z]/h
2, and h =
√
h2x + h
2
z is the
magnitude of the applied field. Finally, we exploit the
observation that |sx| < |sy| and the slow initial buildup
of entanglement along the z axis for the present quench
to replace the σx and σz operators in Eq. (5) by their
expectation values under free precession, given by −sx
and −sz respectively.
This allows us to approximately write V˜ (t) as a ma-
trix product operator (MPO) of χ = 2 [42]. Acting
by this MPO on the initial |↓〉-product state gives an
MPS ansatz for |ψ(t)〉. Bringing this ansatz to canonical
form [42], we obtain the singular values that are on the
diagonal of Λ as
√
λ1 = | cos[Ja(t)]|,
√
λ2 = | sin[Ja(t)]|,
where a(t) = h2x[4ht − sin(4ht)]/8h3. The middle panel
of Fig. 1(d) reveals an excellent agreement between our
analytical results and iTEBD predictions for the singular
values. The Γ matrix in the canonical form reads:
Γ(t) = e−it(hxσ
x+hzσ
z)e−iJb(t)σ
y
( |↓〉 |↑〉
i |↑〉 −i |↓〉
)
Λ¯, (6)
where b(t) = hx[h
2
x cos(6ht) + 3
(
h2 + 3h2z
)
cos(2ht) −
4
(
h2 + 2h2z
)
]/12h4 and Λ¯ is a virtual-space diagonal
matrix with elements (sign[cos(Ja(t))], sign[sin(Ja(t))]).
The matrix of overlaps o is obtained by contracting all
entries of Γ(t) with the 〈↓| state on the left. The behavior
of o11 and ood obtained from (6) agrees with numerically
exact iTEBD results, Fig. 1(d). Since λ1  λ2 within
the range of considered times, the precession of spins in
Γ(t) induced by exponentials of Pauli matrices plays the
main role in driving the pDQPT.
The dominant component of the MPS corresponds to
the top diagonal entry in Eq. (6), and it coincides with
the initial state |↓〉 at t = 0. The off-diagonal entries
in Eq. (6) give subleading contributions suppressed by
powers of
√
λ2/λ1, as follows from Eq. (3). However,
as both the dominant component |↓〉 and its correction
|↑〉 precess, see Eq. (6) and [42], the overlap of the dom-
inant contribution decreases while the subleading state
rotates closer to the |↓〉 state. A pDQPT occurs when
the formerly subleading contribution becomes important
enough to flip the magnitude of eigenvalues of T f , which
happens when |o11/ood| ∼
√
λ2/λ1  1. The DQPT is
then closely associated with the minimum of o11, with
corrections given by off-diagonal terms; see Fig. 1(d).
Note that, although free precession dominates the dy-
namics for the present quench, a minimal χ = 2 is re-
quired to capture DQPTs due to Eq. (2); this points to
the quantum nature of such phenomena, which cannot
be understood within a purely classical description.
Entanglement DQPTs in the Ising model.—We con-
sider a quench from the initial state |ψ0〉 = ⊗i |→〉i, cor-
responding to the free paramagnet ground state of (4)
for J = hz = 0, hx < 0. The time dynamics is governed
by the Hamiltonian (4) with J = 1, hx = 0.1, hz = 0.15.
In this case, Fig. 1(e) shows that a DQPT happens near
an avoided crossing in the entanglement spectrum. The
overlaps |o11| and |ood| also display the evolution charac-
teristic of an avoided crossing. This provides an example
of eDQPTs, as discussed above.
Analytical eDQPT ansatz.—Despite significant entan-
glement, the smallness of all but the first two singu-
lar values allows us to analytically construct a χ = 2
MPS ansatz that captures the relevant physics. We ob-
tain such ansatz by approximating the time-evolution
operator by a second-order Trotter decomposition, split-
ting the Hamiltonian into a single-spin term, H0, and a
two-spin term V . The decomposition reads: e−iHt ≈
e−iH0t/2e−iV te−iH0t/2, where e−iV t admits an exact
MPO representation with χ = 2, see [42]. Applying the
resulting MPO to the initial state we obtain the analyt-
ical MPS ansatz
A(t) =
(
e−iJtc↑(t) |↑ (t)〉 eiJtc↑(t) |↑ (t)〉
eiJtc↓(t) |↓ (t)〉 e−iJtc↓(t) |↓ (t)〉
)
, (7)
4where |↑ (t)〉 = exp[−it(hxσx + hzσz)/2)] |↑〉 and c↑(t) =
〈↑ |→ (t)〉, and likewise for ↓.
Casting the ansatz (7) in canonical form yields the ten-
sor Γ, which generally has a complicated expression but
can be simplified in certain limits [42], and the entangle-
ment spectrum λ1,2 = [4±
√
f(t) + 13]/8, whose avoided
crossings are expected to drive the DQPT. Here f(t) =
4 cos(4θ(t)) − cos(8θ(t)) + 8 sin4(2θ(t)) cos(4Jt) is ex-
pressed in terms of a time-dependent angle 2 cos2 θ(t) =
1 + [1− cos(ht)]hxhz/h2. The analytical form of the sin-
gular values shows that their avoided crossing is generic
for hx, hz 6= 0. For hx = 0 the Hamiltonian is made up
of commuting terms, a limiting case considered in the
DQPTs literature [12, 22]. Here the ansatz (7) is exact;
the evolution of λi and oij decouples into harmonic os-
cillations with frequencies J and hz respectively, and one
observes both pDQPTs when o11 = 0 and eDQPTs when
λ1 = λ2 [42]. A different limit hz = 0 gives the integrable
quantum Ising model, where the singular values do cross
at DQPTs [9, 10, 36]; the ansatz predicts crossings at
tDQPT = (2m+ 1)pi/4J , m = 0, 1, . . . , in agreement with
the exact result up to O(h2x) [3, 43].
In the case with hx, hz 6= 0, the top and middle panels
of Fig. 1(e) show that the ansatz (7) accurately captures
the dynamics of the rate function, singular values, and
overlaps. Here the avoided crossing of the singular values
leads to a much faster growth of entanglement compared
to pDQPTs and drives the switch of the transfer matrix
eigenvalues: near the DQPT the quantum state under-
goes a rearrangement whereby the initially off-diagonal
component, which for λ2  λ1 provides a correction to
the leading top-diagonal component, becomes the dom-
inant contribution. Thus eDQPTs manifest a change in
the leading component of the quantum state and can be
revealed by the structure of non-local correlations, as we
discuss below.
DQPTs in the XXZ model.—To demonstrate that the
limiting cases of pDQPTs and eDQPTs exist in more
generic models beyond the Ising chain, we consider the
XXZ model with a field,
H =
∑
i,α
[
Jασ
α
i σ
α
i+1 + hασ
α
i
]
(8)
where Jx = Jy and we set hy = 0. We consider quenches
from the initial product state |ψ0〉 = ⊗i |→〉i. The dy-
namics induced by the Hamiltonian (8) with Jx = Jy =
0.9, Jz = 1, hx = 0.1, hz = 1, shown in Fig. 2(a), gives
rise to a pDQPT, as it can be seen from the behavior
of the entanglement spectrum in the inset. In Fig. 2(b)
we consider the same initial state evolved with couplings
Jx = Jy = 0.3, Jz = 1, hx = 0.3, hz = 0.1. In this
case, the cusp is close to an avoided crossing in the en-
tanglement spectrum (see inset), suggesting an eDQPT.
The behavior of the overlaps for the quenches of Fig. 2,
shown in [42], confirms these expectations. Below we
proceed to discuss experimental observables: although
these are analytic functions and thus incapable of reveal-
ing the precise location of DQPTs, we show that they
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Figure 2. Comparison of a pDQPT (left column) and an
eDPQT (right column) in the XXZ spin chain. (a)-(b) The
qualitative behavior of the fidelity density is very similar in
both cases, where dashed vertical lines mark the location of
DQPTs. The magnetization in the direction of the initial
state has opposite sign compared to t = 0 at the pDQPT
in panel (c), while at the eDQPT in (d) the magnetiza-
tion achieves a value closest to zero. In (e) we consider the
MI between different subsystems. The MI shows monotonic
growth and has a small value at the pDQPT. In contrast,
for the eDQPT in (f) it quickly saturates and exhibits non-
monotonic behavior. Simulations are performed using iTEBD
with χ = 100.
can be used to discriminate their nature.
Experimental signatures.—pDQPTs and eDQPTs have
very different physical mechanisms, yet the fidelity den-
sity behaves qualitatively similarly, cf. Fig. 1(d)-(e) or
Fig. 2(a)-(b). An immediate distinction between differ-
ent DQPTs is provided by the bipartite entanglement en-
tropy S: pDQPTs are of semiclassical nature and occur
in low-entanglement regions, whereas eDQPTs are trig-
gered by avoided crossings in λi at early times, reflected
in rapid entanglement growth.
While entanglement may be challenging to measure ex-
perimentally, expectation values of local observables pro-
vide an additional test for the nature of DQPTs. At
precession DQPTs the dominant component of the state
is maximally far away from the initial state. Thus, for
pDQPTs the local magnetization along the orientation of
the initial state typically flips sign compared to its value
at t = 0, see Fig. 2(c). For eDQPTs, which are charac-
terized by larger entanglement, local expectation values
are expected to be small; this is indeed confirmed by
Fig. 2(d), where the magnetization along the x-direction
assumes its minimal magnitude near an eDQPT.
Finally, we show that the mutual information (MI) can
be used to reveal the non-trivial entanglement pattern
near eDQPTs. The MI, which quantifies the degree of
quantum correlations between two regions A and B, is
defined as IA;B = S(A) + S(B) − S(A ∪ B) where S(·)
is the bipartite entanglement entropy of a given region.
5Figure 2(e) shows that the MI for all choices of regions
A and B undergoes slow monotonic growth in the case
of a pDQPT. In contrast, eDQPTs correspond to com-
plex evolution of the MI, see Fig. 2(f): the MI between
next nearest neighbor spins, I1;3, achieves a minimum,
whereas the MI I1,2;3 between spins {1, 2} and {3} dis-
plays a broad peak (due to translation invariance only
relative distances between spins are important). In [42]
we show a similar pattern for the DQPTs of Fig. 1(d)-(e)
in the Ising model. The quick growth and non-monotonic
behavior of the MI for eDQPTs signal a change in the
dominant component of the wave function and quan-
tify the complex entanglement pattern characteristic of
eDQPTs. We note that the MI is tied to the magni-
tude of the connected correlation functions between the
two subsystems, which are typically accessible in experi-
ments.
Discussion.— We introduced notions of precession and
entanglement DQPTs as two limiting cases, which have
different underlying mechanisms and are associated to
different physics. pDQPTs can be understood analyti-
cally by relying on the large entanglement gap λ1  λ2
and the dynamics being driven by single-spin terms in
the Hamiltonian. In contrast, eDQPTs happen near
avoided level crossings in the entanglement spectrum
λ1 ∼ λ2  λ3 and can also be analytically described
by ignoring all higher λi with i ≥ 3.
We demonstrated that pDQPTs and eDQPTs exist
in different models. These two limits illustrate different
physical mechanisms that cause DQPTs, whose relative
importance can be qualitatively assessed from the be-
havior of local observables. However, more complicated
dynamics emerges when both precession and entangle-
ment production are significant; for instance, in [42] we
deform eDQPTs into pDQPTs and show that compli-
cated hybrid behavior arises at intermediate couplings.
The interplay between pDQPTs and eDQPTs may be
at the root of the rich DQPT phenomenology reported
in the literature [4]. Understanding it analytically using
ansa¨tze and characterizing the cases that violate typical
phenomenology [4, 19, 44] remains an interesting open
question. In addition, it is interesting to explore if the
present scheme can be extended to cases where a larger
number of singular values plays a significant role and to
models with long-range interactions [16, 19, 20, 28].
Furthermore, the connection between DQPTs and the
spectrum of the fidelity transfer matrix, which is gener-
ically non-Hermitian, calls for exploring the relation
between DQPTs and theory of non-Hermitian matri-
ces [45, 46]. This could provide a route to establishing
distinct universality classes and thus lay the foundation
for a classification of DQPTs. In a different direction,
we expect that the relation between DQPTs and tensor
networks could be used to establish a notion of preces-
sion and entanglement DQPTs in higher dimensions, ob-
taining methods for the description of higher-dimensional
DQPTs directly in the thermodynamic limit.
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Supplementary material for “Entanglement view of dynamical quantum phase
transitions”
In this supplement we present further details on the analytical iMPS ansa¨tze for p- and eDQPTs discussed in the
main text, as well as additional results for the Ising and XXZ models. We also demonstrate the deformation of
eDQPTs into pDQPTs upon varying the parameters of quench Hamiltonian, revealing the complex phenomenology
which arises in the intermediate regime between these contrasting limits.
I. CANONICAL FORM OF MPS
The iMPS representation of a many-body state is en-
coded in a tensor Aσij carrying a physical index σ =↑, ↓
and bond indices i, j = 1, . . . , χ. Such representation is
non-unique due to gauge invariance: for any invertible
χ × χ matrix G, the matrix A˜σij = [GAσG−1]ij provides
an equivalent representation of the state. This gauge
freedom may be fixed by imposing additional conditions
on the matrix A. A particularly convenient gauge fix-
ing is given by the canonical form, which requires the
tensor A to be represented as Aσij = ΛiΓ
σ
ij [40, 41]: the
diagonal matrix Λii contains the singular values {
√
λi} of
the Schmidt decomposition across a bond, whose squares
yield the entanglement spectrum, while the tensor Γσij
carries a physical index, so that its elements can be seen
as (not necessarily normalized) spinors. The canonical
form tensors Λ and Γ satisfy a set of constraints given in
the main text.
As discussed in the main text, the canonical form re-
veals the contributions of entanglement and precession,
providing a tool to understand the driving physical mech-
anisms of DQPTs and how these are reflected in the be-
havior of other quantities. The structure encoded in a
canonical form iMPS can be conveniently visualized by
means of an automaton picture [47], shown in Fig. S1 for
a χ = 2 iMPS state.
Each circle in Fig. S1(a) corresponds to a site and car-
ries a physical vector Γσij , denoted as |Γij〉 in the figure.
The arrows give the allowed choices for the vector at the
following site, weighted by the singular values
√
λi. In
the case when λ1  λ2 that will be relevant for pDQPTs
below, the dominant contribution is given by the |Γ11〉
state, as each inclusion of |Γ12〉 and other components is
suppressed by at least a factor
√
λ2/λ1  1. Thus in
this limit the cartoon picture of the quantum state can
be visualized as a dilute set of inclusions of |Γ12〉, |Γ21〉,
and |Γ22〉 into the dominant product state ⊗i |Γ11〉. (Due
to the orthogonality catastrophe, the overlap of the MPS
state with the ⊗i |Γ11〉 state vanishes in thermodynamic
limit provided λ1 < 1.)
In contrast, if one has λ1 ≈ λ2 (recall that λ1 > λ2 by
assumption), which is the relevant case for eDQPTs, the
automaton provides a very different picture of the quan-
tum state. The closeness of two singular values entails
that a large number of excitations on top of the product
state ⊗i |Γ11〉i can be created at a small cost. Moreover,
the avoided crossing in λ’s implies that the formerly sub-
leading component of the MPS state will become domi-
(a)
(b)
Figure S1. (a) Automaton representation of an iMPS with
χ = 2 written in the canonical form. Dark solid arrows carry a
weight
√
λ1 whereas light dashed arrows carry a weight
√
λ2 ≤√
λ1. (b) The iMPS can be seen as a linear superposition of
all possible product states generated by the automaton.
nant after such avoided crossing. Thus, at the points of
avoided crossings a broad rearrangement of the quantum
state is happening, whereby formerly subleading compo-
nents become dominant.
II. ANALYTICAL pDQPT ANSATZ
A. Effective Hamiltonian
To illustrate pDQPTs, we construct an analytical
ansatz capable of capturing the relevant physics. We
consider quenches in the Ising model; the time-evolved
state in the Schro¨dinger picture is then
|ψ(t)〉 = e−itH |ψ0〉 (9)
with H given by (4). Since pDQPTs are dominated by
single-spin terms, it is convenient to split the Hamilto-
nian between the free-precessing part, H0 =
∑
i[hxσ
x
i +
hzσ
z
i ], and the interaction, V = J
∑
i σ
z
i σ
z
i+1. To ac-
count for the leading role of precession, we rewrite the
dynamics in the rotating frame with respect to H0. In
the rotating frame, operators evolve according to
O˜(t) = eiH0tOe−itH0 (10)
where O is the (time-independent) Schro¨dinger picture
operator. Enforcing that expectation values be invariant
S2
upon switching to the rotating frame, 〈ψ˜(t)| O˜(t) |ψ˜(t)〉 =
〈ψ(t)| O |ψ(t)〉, defines the rotating-frame state,
|ψ˜(t)〉 = eiH0t |ψ(t)〉 , (11)
in terms of the Scho¨dinger picture state |ψ(t)〉. The equa-
tion of motion satisfied by |ψ˜(t)〉 is readily obtained by
differentiating (11):
d
dt
|ψ˜(t)〉 = −iV˜ |ψ˜(t)〉 , (12)
where
V˜ = J
∑
i
σ˜zi σ˜
z
i+1, σ˜
z = eitH0σze−itH0 ≡
∑
a
saσ
a.
(13)
The coefficients sx(t), sy(t), sz(t) are provided in the
main text. One then has |ψ˜(t)〉 = UV˜ (t) |ψ0〉, where
UV˜ (t) = Te
−i ∫ t
0
V˜ (t′)dt′ , so that the time-evolved state
in the Schro¨dinger picture can be rewritten as
|ψ(t)〉 = e−iH0tUV˜ |ψ0〉 . (14)
As it stands, Eq. (14) is an exact reformulation of the
dynamics and is not amenable to direct evaluation. In
order to obtain a closed-form approximation, we restrict
our attention on quenches from the |↓〉 product state,
which is the ferromagnetic ground state for hx = 0, hz >
0, J < 0. We consider the precession-dominated regime
hx  hz, J , relevant for pDQPTs. In this regime, the
entanglement growth along the z-axis is initially small,
as demonstrated by comparing the connected correlations
Cxx, Cyy, Czz defined as Cab = 〈σai σbi+1〉−〈σai 〉〈σbi 〉. Fur-
thermore, terms featuring σy are dominant with respect
to those featuring σx due to |sy| > |sx|. We take advan-
tage of these observations to replace the operators σx, σz
in (13) by their expectation values, which in the present
regime are well-approximated by free precession:
〈σx,z(t)〉 ≈ 〈↓| eiH0tσx,ze−iH0t |↓〉 = −sx,z(t). (15)
This approximation yields V˜ (t) ≈ V˜eff(t) =∑
i[Jeff(t)σ
y
i σ
y
i+1 + heff(t)σ
y
i ] up to an unimportant
constant term, with
Jeff = Js
2
y, (16)
heff = −2Jsy(s2x + s2z). (17)
The approximate form of the operator V˜ (t) obtained
above is still time-dependent, but is now made up of com-
muting terms, such that
Te−i
∫ t
0
V˜ (t′)dt′ ≈ e−i
∫ t
0
V˜eff(t
′)dt′ = e−itHeff(t) (18)
where tHeff(t) = Ja(t)
∑
i σ
y
i σ
y
i+1 + Jb(t)
∑
i σ
y
i , and
Ja(t) =
∫ t
0
Jeff(t
′)dt′, Jb(t) =
∫ t
0
heff(t
′)dt′ are explicitly
given in the main text. At each time t, the time-evolved
state can thus be equivalently obtained from an effective
classical Hamiltonian Heff(t).
B. Exponentiation of the effective Hamiltonian
The effective Hamiltonian Heff is made up of commut-
ing terms, so that its matrix exponential can be trivially
factorized as a product over sites,
e−itHeff =
∏
i
e−iJa(t)σ
y
i σ
y
i+1−iJb(t)[σyi +σyi+1]/2. (19)
One then inserts resolutions of the identity over pairs of
neighboring sites, 1i,i+1 = 1i⊗1i+1 with 1i = P yi +P−yi ,
where we introduced the projectors on the y-eigenstates,
P±yi ≡ |±y〉i 〈±y|i, σy |±y〉 = ± |±y〉. This yields
e−itHeff =
∏
i
(
e−iJ[a(t)+b(t)]P yi P
y
i+1 + e
iJa(t)P yi P
−y
i+1
+ eiJa(t)P−yi P
y
i+1 + e
−iJ[a(t)−b(t)]P−yi P
−y
i+1
)
(20)
The sum of terms resulting from (20) can be reproduced
by the χ = 2 MPO e−itHeff =
∏
i Ui with
Ui =
(
e−iJa(t)−iJb(t)P yi e
iJa(t)−iJb(t)P yi
eiJa(t)+iJb(t)P−yi e
−iJa(t)+iJb(t)P−yi
)
. (21)
The exponentiation of the effective classical Hamiltonian
Heff is reminiscent of the transfer matrix method used to
solve classical Ising models [48], with the difference that
the matrix elements in the present case are operators
rather than scalars.
Substituting the above in Eq. (14) and applying it to
the ↓ initial state leads to the pDQPT MPS ansatz dis-
cussed in the main text. To bring this to canonical form,
one computes the transfer matrix T(ik)(jl) =
∑
σ A
σ
ijA
σ∗
kl ,
where (a, b) denotes a merging of the a, b virtual in-
dices. From the transfer matrix we compute the left-
and right- dominant eigenvectors VL, VR that corre-
spond to the eigenvalue with largest magnitude. These
eigenvectors are reshaped as χ × χ matrices and de-
composed as VL = Y
†Y , VR = XX† [41]. Finally,
the matrix Λ is obtained from the singular value de-
composition of the matrix Y TX = UΛV . The explicit
calculation yields Λ = diag(| cos(Ja(t))|, | sin(Ja(t))|).
The tensor Γ given in Eq. (6) is then obtained from
Γσij =
∑
kl[V X
−1]ikAσkl[(Y
T )−1U ]lj [41].
C. Evolution of the overlaps
In the present regime, one has λ2  λ1 when the
DQPT occurs (see Fig. 1), so that the crossing of the
transfer matrix eigenvalues is predominantly driven by
the precession of the elements of Γ. The MPS ansatz
shows that, to an excellent approximation, Γσij are nor-
malized spinors; thus, the precession nature of pDQPTs
can further understood by considering their evolution
on the Bloch sphere, shown in Fig. S2. The dominant
S3
Figure S2. Evolution of the vectors Γσ11 (blue line), Γ
σ
12 =
eiφΓσ21 (red line), obtained from the analytical pDQPT
ansatz (6), on the Bloch sphere. Since λ1  λ2, Γσ11 pro-
vides the dominant contribution to the MPS, with Γσ12,Γ
σ
21
giving subleading corrections (see Fig. S1). The vector Γσ11 is
initialized as |↓〉, while Γσ12 initially corresponds to |↑〉. In the
dynamics of Fig. 1(b)-(d), these vectors perform simultaneous
precession on the Bloch sphere. The precession of the dom-
inant component away from the initial state gives rise to a
pDQPT; the position of each vector on the respective trajec-
tory at the time of the DQPT is marked by a red dot. In the
vicinity of a pDQPT, Γσ11 is nearly orthogonal to the initial
state, so that |o11| approaches a minimum, while Γσ12 is closest
to the initial state and |o12| = |ood| achieves a maximum.
component Γσ11, which at t = 0 corresponds to the ini-
tial |↓〉 product state, and the excitations Γσ12 = eiφΓσ21,
which initially correspond to the |↑〉 state (orthogonal to
the initial state), perform simultaneous precession, with
DQPTs occurring when Γσ11 ∼ |↑〉, Γσ12 ∼ |↓〉. The semi-
classical nature of this driving mechanism and the role
of excitations can be further understood by means of the
automaton picture discussed in Fig. S1.
III. ANALYTICAL eDQPT ANSATZ
A. MPO form of the time evolution operator
To construct an ansatz for eDQPTs, where interactions
are expected to play a dominant role, we approximate
the time-evolution operator by the second-order Trotter
slicing U(t) ≈ UL(t/2)UI(t)UL(t/2) with
UL(t) ≡
∏
i
e−it(hxσ
x
i +hzσ
z
i ), UI(t) ≡
∏
i
e−itJσ
z
i σ
z
i+1 ,
(22)
where UL captures local rotations while UI describes in-
teractions. The interaction term is diagonal in the σz
basis, so that it admits the exact χ = 2 MPO represen-
tation
UI =
∏
i
(
e−iJt |↑〉 〈↑| eiJt |↑〉 〈↑|
eiJt |↓〉 〈↓| e−iJt |↓〉 〈↓|
)
, (23)
similarly to the case discussed for the pDQPT ansatz.
The full state can be readily obtained by applying the
rotations UL(t/2) to the local states in (23), leading to
the MPS ansatz (7). The corresponding canonical form
for general J, hx, hz can then be analytically obtained as
discussed for the pDQPT ansatz. The analytical form
of the tensor Γ reveals a complicated structure, reflect-
ing the involved behavior of the overlaps observed in
Fig. 1(e), while the entanglement spectrum {λi}, ob-
tained by squaring the diagonal of Λ, takes the relatively
simple form provided in the main text.
B. Canonical form of the MPS ansatz for the
classical Ising model
The tensor Γ for the eDQPT ansatz can be greatly
simplified in the limit hx = 0, which yields
Γ = e−ithzσ
z
( |→〉 i |←〉
− |←〉 −i |→〉
)
, (24)
where the rotation e−ithzσ
z
is applied to each of the
spinor states in the matrix. In this limit, the singular
values reduce to
√
λ1,2 = {| cos(Jt)|, | sin(Jt)|} and the
MPS ansatz becomes an exact representation of the time-
evolved state. Contraction with the complex-conjugated
initial state |→〉 gives the overlap matrix
o =
(
cos(hzt) sin(hzt)
i sin(hzt) −i cos(hzt)
)
. (25)
In spite of its apparent simplicity, this special case pro-
vides useful insights into e- and pDQPTs. In this limit,
the dynamics of the state is fully factorized into the har-
monic oscillations of the entanglement spectrum, with
frequency J , and the free precession of the states in Γ,
with frequency hz. The eigenvalues of the fidelity trans-
fer matrix are given by
e1,2 =
e−iJt
2
(
cos(hzt)±
√
e4iJt +
1
2
cos(2hzt)− 1
2
)
.
(26)
DQPTs arise whenever the difference in magnitude be-
tween e1 and e2 vanishes, ∆e = |e1| − |e2| = 0. This
corresponds to the condition
cos(hzt) Re
(√
2e4iJt + cos(2hzt)− 1
)
= 0. (27)
This condition is satisfied at the times t = (n +
1/2)pi/(2J) when cos(2hzt) + 2e
4iJt − 1 is real-valued
and negative. It can be readily seen that these times
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Figure S3. Local magnetization in the direction of the ini-
tial state and mutual information for DQPTs in the quan-
tum Ising model. DQPTs are marked by a dashed vertical
line. Panel (a) shows a pDQPTs for the quench of Fig. 1(b)-
(d); in agreement with the discussion of the main text, this
is accompanied by 〈σz(tDQPT)〉 ≈ −〈σz(0)〉, since the dom-
inant vector Γσ11 at this time has precessed maximally away
from the initial state, while the mutual information shows a
simple pattern of slow, approximately monotonic growth. In
contrast, at the eDQPTs of panel (b), corresponding to the
quench of Fig. 1(c)-(e), the magnetization takes a value clos-
est to zero, while the mutual information displays a complex
pattern of correlations where two-body terms and I1,2;4 reach
a minimum while I1,2;3 attains a plateau. Moreover, all MIs
at the eDQPT are an order of magnitude larger compared to
the pDQPT case.
corresponds to crossings in the entanglement spectrum,
a hallmark of eDQPTs. However, Eq. (27) is also satis-
fied whenever cos(hzt) = 0. This condition corresponds
to points of vanishing overlap |o11|, given in (25), which
are associated to pDQPTs. It can then be shown that
there are no further solutions to Eq. (27). Thus, in
the present limit, DQPTs can be individually attributed
to either precession or entanglement crossings, providing
quintessential examples of p- and eDQPTs respectively.
This sheds light on the more general behavior observed
when adding a finite hx such that the model is no longer
solvable. In this case, the dynamics of overlaps and en-
tanglement does not factorize into independent oscilla-
tions and depends on the values of all couplings. How-
ever, while smooth evolution of entanglement without
particular signatures is still observed for pDQPTs, the
entanglement avoided crossings which drive eDQPTs also
affect the overlaps, inducing a complex behavior associ-
ated with a global rearrangement of the quantum state;
see Fig. S1 and Fig. S5 below for further details.
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Figure S4. Entanglement spectrum and overlaps for DQPTs
in the XXZ model. Panel (a) corresponds to Fig. 2(a) and
shows a pDQPT; this is accompanied by a minimum of |o11|,
while the entanglement spectrum displays a large gap and
no particular signatures at the DQPT. Panel (b) shows the
eDQPT of Fig. 2(b); in this case, the DQPT occurs in the
vicinity of an avoided crossing in the entanglement spectrum,
with the overlaps also displaying avoided crossing behavior.
IV. CONTRASTING AND CONNECTING
eDQPTs AND pDQPTs
A. Experimental Signatures in the Ising Model
The different nature of pDQPTs and eDQPTs was first
illustrated in Fig. 1 by contrasting the behavior of en-
tanglement and overlaps in the quantum Ising model.
We then discussed how this difference is reflected in ex-
perimentally measurable quantities considering the XXZ
model. In Fig. S3 we additionally show that the same
features can also be observed for the Ising model, con-
sidering the quenches of Fig. 1; the behavior of the mag-
netization in the direction of the initial state and of the
mutual information between different subsystems shows
pronounced differences in the two cases, which can be
understood in light of the proposed physical pictures.
B. Entanglement and Overlaps in the XXZ Model
The patterns in the entanglement spectrum and over-
laps corresponding to p- and eDQPTs are not restricted
to the Ising model. To illustrate this, in Fig. S4 we show
the entanglement spectrum and overlaps for the XXZ
model, considering the quenches of Fig. 2. The observed
behavior is in agreement with the general discussion of
the main text, with pDQPTs corresponding to minima
in |o11| while eDQPTs are associated with entanglement
avoided crossings.
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Figure S5. Deformation of eDQPTs into pDQPTs. We choose the initial state |→〉 and consider dynamics under the Ising
Hamiltonian (4), keeping hx = 0.1 constant and varying the values of hz, J .
(a) hz = 0.15, J = 1; this is the same quench as Fig. 1(c)-(e), but here we show the full entanglement spectrum and extend
the time range so as to include a second DQPT. We observe two eDQPTs, characterized by entanglement avoided crossings
and a complex behavior of the overlaps |o11|, |ood|, which approach each other at the DQPTs. This is also reflected in the
magnetization 〈σx〉 approaching zero and the complex pattern displayed by the mutual information.
(b) hz = 0.35, J = 0.9; as hz is increased and J is reduced, the second entanglement avoided crossing is widened and the
behavior of the second DQPT shifts away from the avoided crossing in entanglement spectrum.
(c) hz = 1.15, J = 0.5; precession plays now an important role, and DQPTs manifest features of both e- and pDQPTs: they
are associated with minima in |o11|, which are however far from zero, and occur to the two sides of an entanglement avoided
crossing, with observables suggesting a predominance of eDQPT nature.
(d) hz = 1.65, J = 0.25; as the field begins to dominate the dynamics, the entanglement gap widens and DQPTs start to
acquire a pDQPT character, occurring near the minima of |o11|.
(e) hz = 1.95, J = 0.1; in the strong-field regime, one retrieves two clean examples of pDQPTs: these are revealed by deep
minima in |o11| and the large gap in the entanglement spectrum. Furthermore, in agreement with the general features of
pDQPTs, the magnetization at DQPTs is approximately opposite to its initial value and the mutual information shows slow,
featureless growth.
C. Deforming eDQPTs into pDQPTs
The concepts of pDQPTs and eDQPTs introduced in
the main text provide two limiting cases in which DQPTs
can be clearly ascribed to different physical mechanisms.
For generic DQPTs, the situation can however be more
involved, as both precession and entanglement produc-
tion mechanisms might play a significant role. Part of
the complex phenomenology reported in the literature
might thus originate from the interplay of the discussed
classes of DQPTs.
To illustrate this, we show how eDQPTs can be de-
formed into pDQPTs as a function of the Hamiltonian
parameters by considering the Ising model. In Fig. S5(a),
we begin by considering the same quench as in Fig. 1(c)-
(e) using the initial state |→〉. As the longitudinal field
hz is increased at the expense of the interaction strength
J , precession also becomes important and DQPTs shifts
away from the avoided crossing in the entanglement
spectrum, see panel (b). After a complex intermediate
regime where DQPTs show a hybrid behavior, panel (c),
they gradually acquire the characteristics of pDQPTs, as
shown in panel (d). Finally, pDQPT features become
very pronounced in the strong-field regime, as demon-
strated in panel (e).
